I describe recent progress in the development of constitutive models for the rheology of dense colloidal suspensions in the glassy regime. These start from a formal development of mode coupling theory (MCT) applied to a nonlinear Green-Kubo equation for interacting advected Brownian particles, which forms the basis of an integration through transients (ITT) approach. The physical content of the resulting MCT-ITT constitutive model is briefly outlined. That physics includes a strong dependence of material properties, such as relaxation times, on the preceding flow history. Then, a much simplified schematic version, developed recently, is discussed. This schematic model is tensorially acceptable to rheologists and appears to capture much of the physics of the full model. Finally, an informal 'risk-assessment', discussing the strengths and weaknesses of the MCT approximation, is presented. §1. Introduction
§1. Introduction
Mode coupling theory (MCT) offers a quantitative but incomplete theory of the glass transition in systems at rest. It predicts not only the onset of arrest, via the divergence of a terminal relaxation time τ α , but also the shape of the density correlators in the regime where this time is large. 1) However, as generally implemented (to include configurational coordinates but not momenta) MCT does not include activated processes and therefore cannot address the rounding off of the relaxation time divergence that may follow from such processes. Extensions that appear to allow activation by coupling to momenta are physically unsound since such couplings cannot achieve this effect if treated more carefully. 2) On the other hand, the resulting theories may fortuitously resemble those in which 'hopping' is phenomenologically added as a separate relaxation channel. 3) I shall ignore all such extensions here, and consider only the 'ideal glass transition', with a truly divergent relaxation time, which MCT describes (on approaching from the liquid side). The ideal glass transition is thought to be closely approached in colloidal suspensions, where for hard spheres the transition occurs at a volume fraction φ = φ g 0.58 4) (Note however that very recent experiments suggest hopping corrections even in this case 5) ).
In colloidal suspensions, one can not only observe a near-ideal glass transition, but also measure its consequences for flow behaviour (rheology). Such rheology is found to be viscoelastic and strongly nonlinear; 6) in most cases (but not all 7) ) the flow appears to remain homogeneous and thus amenable to continuum rheological modelling. In this paper I review recent developments that have extended the scope of MCT to address general questions of nonlinear rheology. 8)-10) These have their antecedents in earlier work 11)-14) that addressed solely the specific case of steady shearing. All this work involves use of a nonequilibrium Green Kubo formula and an integration through transients (ITT) approach in which the state of the system is assumed to have been in Boltzmann equilibrium at some point in the distant past. The technical aspects of MCT-ITT are formidable. Moreover, they have evolved somewhat between the earlier papers 8), 11)-13) and the more recent ones; 9), 10), 14) the reasons for this are explained in detail in Ref. 14) . In what follows I implicitly adopt the more recent formulation, but generally avoid giving technical details. Instead, I will merely sketch a derivation of MCT-ITT, state its final results as embodied in Ref. 9) , and outline the route from these rather complicated equations to a schematic model 10) that captures many of the same rheological features. §2.
Sketch of MCT-ITT
The formal developments detailed in Refs. 8)-14) involve a derivation of mode coupling equations using a projection operator approach. 1) However, the key conceptual features can also be outlined in a somewhat different language, offering an alternative perspective: I sketch such a route here. Note however that this approach, if carried out systematically, might give results that are not identical to the projection operator formalism (though any differences are expected to be minor). The final results presented below are those of the latter. For an earlier review of the steady-shear work along similarly alternative lines see Ref. 15) .
The starting point is the Smoluchowski equation for a set of Brownian particles, each of which performs independent overdamped random motion (if unit diffusivity) in the presence of a drift velocity (assumed to derive without any fluctuations from the macroscopic flow) and also interaction forces between particles. For the distribution function Ψ (Γ ) defined in the configuration space Γ ≡ {r i } of particle coordinates r i (with i = 1....N ), the equation reads (with k B T = 1)
Here K(t) is the velocity gradient tensor (traceless for the incompressible flows considered here) and F i is the interparticle force on particle i. This description omits from the outset hydrodynamic interactions and velocity fluctuations which can be important in practice for colloids, but lie beyond the scope of MCT-ITT in its present form. For the Boltzmann distribution Ψ = Ψ 0 one has Ω e Ψ 0 = 0, and can also prove
where σ is the microscopic stress tensor ( i F i r i ) and the colon denotes contraction over both tensor indices. Without approximation, one finds that for any function f (Γ ) defined on the coordinate space, the expectation value of f at time t in a system that was prepared at rest in the Boltzmann distribution in the distant past (t → −∞) obeys
Here the average in the integral on the right correlates the stress at time t with f at time t in a hypothetical system that was prepared at t in the Boltzmann distribution (hence the subscripts) but thereafer subjected to the actual flow (That is, a flow K(t ) is applied for times t < t < t). This is known as a 'transient correlator' and the result offers a way to calculate f (t) by 'integration through transients' (ITT 
, we now make the approximation that this density is governed by a spatiotemporal Gaussian distribution. Although not strictly necessary, this is sufficient to derive some essential elements of MCT-ITT, and eases the derivation without significantly changing the final result. The central MCT approximation is in fact to write
which follows directly from the stronger assumption of Gaussian statistics just made. We will use this result below, but first note that another consequence of the general Gaussian statistics is a very simple expression for the microscopic fluctuating stress appearing in Eq. (2 . 2):
This can be derived from the following free energy expression for a system with Gaussian equal-time correlations in equilibrium
where S k ≡ ρ k ρ −k 0 is the equilibrium static structure factor. The quantity S k is a key input to MCT-ITT; in fact it is the only one, apart from the density ρ ≡ ρ 0 = N/V and the bare Brownian diffusivity (which we have already set to unity). In a rheological measurement one determines the macroscopic mean stress (Stress fluctuations are vital in the above formalism but not generally detectable in bulk rheological experiments). Thus the rheological stress at time t is σ αβ (t) . This can now be written using Eq. (2 . 5)
where
is the distorted structure factor in the system under flow, at time t (This quantity is itself directly accessible in scattering experiments).
3) gives for the latter quantity 
where MCT now writes the final sum as
(Another term vanishes by isotropy of the equilibrium state). Thus MCT-ITT connects the rheological stress to a time integral over the transient density correlators
By translational invariance these may be show to vanish unless k at t is transformed into q at t by the flow advection arising between these two times; that is
Here the normalized correlator obeys Φ k (t, t) = 1, while E t t is the deformation tensor between times t and t (related to K via K(t) = E −1 ∂E/∂t) and B ≡ E.E T is known as the Finger tensor. The latter is a frame-indifferent strain measure familiar to rheologists; frame indifference is the requirement that the rheological properties of a material are not altered in a slowly rotating frame, which holds whenever, as here, inertia is neglected. The final result of this calculation is to give for the rheological stress
It remains for us to determine the normalized transient correlators Φ k (t, t ). This is done by choosing f (t) = ρ k (t )ρ q (t) and applying a broadly similar (but in practice, projection-based) MCT-ITT machinery. 8), 9) The result is an exact memory equationΦ
where the overdots denote partial differentiation with respect to the first time argument. Here the 'initial decay rate' obeys Γ q (t, t 0 ) =q 2 (t, t 0 )/Sq (t,t 0 ) withq(t, t ) = q · exp − [− using Eq. (2 . 4), MCT-ITT approximates the memory kernel m q (t, t , t 0 ) by the factorized expression
where p = q − k, and the vertex function obeys
The above formalism is heavy to use, but can be carried through for a small number of simple flow histories, including steady shear and step strain. The scenario that emerges is of a material that undergoes a transition from viscoelastic liquid to elastoplastic solid at the MCT glass transition. The instantaneous elastic response is almost (though not quite) linear in B. Moreover,if one defines a relaxation time for the response to a small incremental strain, this time depends on the flow history (Within the glass phase, this dependence can extend into the indefinite past). Steady strain makes the relaxation time small, fluidizing the glass by erasing the memory term in Eq. (2 . 14). After cessation of steady flow, solidity returns, but this takes time to build up, since the memory integrals cannot extend back much further than the time at which shearing ended. Likewise step strain erases memory, but never completely: after such a strain, stress will relax at an initial rate that is high if the strain is large, but during relaxation memory rebuilds, giving in the glass phase a residual stress which remains nonzero indefinitely.
In the next section I outline a schematic model that was recently presented by myself and coworkers. 10) This captures in outline many of the rheological features just described. To do this within a relatively simple mathematical framework is of considerable interest, since previous attempts to capture related shear-melting behaviour in amorphous solids 16), 17) are extremely phenomenological, and typically restricted to simple shear flows. §3. Schematic rheological model To achieve a schematic representation of the full MCT-ITT constitutive equations detailed above, we note initially that the integral in Eq. (2 . 13) contains two factors, each in square brackets, the first of which is strongly anisotropic. The second is also anisotropic, but much less so, at least under conditions where the anisotropy of the distorted structure factor remains modest. So the first step we take is to write
To gain a schematic model we retain Eq. (3 . 1) but replace Eq.
(3 . 2) by a single-mode equation, G(t, t ) = v σ Φ(t, t ) 2 . This gives
where the k-integral is replaced by a term describing a single 'representative' transient correlator Φ(t, t ), and v σ is a phenomenological parameter. Performing a similar drastic simplification to Eq. (2 . 14), we take this correlator to obey
with the following form for the memory function
The coupling to Φ and Φ 2 is standard for schematic MCT models of the quiescent glass transition, 1) to which our work reduces in the absence of flow, so long as H = 1 in that limit. Conventionally one sets v 2 = 2 and
where for colloidal systems ε represents (φ − φ g )/φ g . With flow present, H represents the erasure of memory by strain. An empirical form which seems to capture many features of the full model is
where I 1 = B αα and I 2 = (B −1 ) αα , with B the Finger tensor of the deformation applied between the two times in the argument of h. By parameterizing the strain through the scalar invariants of the Finger tensor, we maintain frame indifference for the schematic model -a highly desirable feature as explained above. Alongside v σ , which sets the elastic modulus of the material, this form introduces two new parameters: γ c which is a characteristic strain scale for yielding, and ν which controls the relative effectiveness of shear and elongational strain in erasing memory (The latter parameter has rather little influence on the results). With the schematic model just outlined, explicit calculation for general timedependent flows, including elongational flows, becomes for the first time a practicable agenda within the MCT-ITT approach (This was previously limited, as stated above, to steady flow, step-strain, and a few other simple cases). As with the full theory, flows protocols in which K(t) is specified directly, rather than specifying σ(t), are much more tractable. For instance, creep mesurements (a step-change in stress) remain hard to deal with even in the schematic model since one has to iterate to find the K(t) that maintains the stress constant after the step-up (The resulting iteration is entangled with those already required to calculate the correlator and the memory function). This has meant, for instance, that so far we have not calculated accurately for general flow geometries the static yield stress. The latter is usually defined as the maximum amplitude of step stress that can be applied without initiating a steady flow in the material. We have however calculated the dynamic yield stress which is the residual stress that remains in a series of steady-flow tests, whereby the steady strain rate of the flow is decreased continuously to zero (One expects the same result in a single test where the strain rate is ramped down to zero sufficiently slowly). In the glass, this limit does not result in zero stress because a minimum stress must be exceeded to maintain even an infinitesimal steady flow.
By calculating the dynamic yield stress for a range of flow geometries including different types of steady elongation 10) we have been able to construct a dynamic yield manifold in the space of stress. For incompressible flows, as considered here, this space is two dimensional; one can visualise it by projecting along the hydrostatic (pressure) axis in a three dimensional space spanned by the eigenvalues of the stress tensor. Within this projected 2-D space, the yield manifold becomes a closed curve; stress states within the curve are not flowing, those outside it are flowing. For parameters in the schematic model chosen to match the behaviour of real colloids just inside the glass phase (v σ = 100, γ c = 0.1 and ε = 10 −4 ) we find that the dynamic yield manifold is, within this representation, circular to within one percent or so 10) (The radius of the circle for these parameters is s Y = 0.25; to translate this to colloids, we take the stress unit to be k B T/d 3 with d the particle diameter). This circularity can be traced to the modest value of γ c , which means that the steady-state nonequilibrium structure factor at small constant strain rates in the glass is only weakly distorted. It remains to be seen whether the same holds true for the steady-state structure factor achieved after a step-up in applied stress; if not, significant deviations from circularity of the static yield manifold (defined by step stress) can be expected. §4. MCT: a risk assessment Expperimentalists, and theorists who are not practitioners of MCT, often ask for a physical explanation of the central MCT approximation, Eq. (2 . 4). What does the decoupling, on which everything in MCT depends, really mean? One can attempt to answer this question by reference to projection onto density pairs, or by observing that MCT is a form of dynamical mean-field theory. MCT, at least as sketched in this paper, can indeed be viewed a form of one-loop selfconsistent approximation to the dynamical field theory equations (This can in turn be seen as a selective resummation of a perturbation expansion in particle-particle interactions). These explanations often satisfy theorists, who may have enough experience with similar approximations in other realms to then gauge where the strengths and weaknesses lie; for an excellent exposition see Ref. 18) .
Often though, those who ask what is the physics of the MCT approximation are really only interested in knowing when it should work, and when it should break down. This question can in part be answered, following Ref. 2) , by direct appeal to the mathematics of the approximation itself. The question then becomes, for what sort of dynamics is Eq. (2 . 4) valid? To address, this we simplify things slightly, and consider a real-space four-point density correlator which is very closely related to the one appearing in Eq. (2 . 4). We ask the conditions under which
Hereρ(r, t) is a density fluctuation (of mean zero) arising at position r and time t. Let us consider a specific realization (or trajectory) and denote
which is a stochastic variable. We normalize things such that X 2 (0) = 1 and moreover choose for simplicity a trajectory where X(0) = 1. (This step is inessential but simplifies the discussion.) Eq. (4 . 1) then reads
and we need to know for what sort of dynamics this is true. Now, as MCT does, we restrict attention to the fluid phase. In this case X will eventually lose memory of its initial value: but as it is a stochastic variable it will not actually become zero at late times, instead fluctuating about zero mean. We next consider two cartoon scenarios for the dynamics of X. The first is that X obeys a Langevin equation with relaxation time τ
with ξ a white noise chosen to ensure X 2 = 1 in steady state. In this dynamics, X evolves by a series of infinitesimal steps. In the context of the glass transition, this represents the case where density relaxation occurs by a sequence of small shuffles. It is then very easy to show that X(t) = exp[−t/τ ] and moreover that Eq. (4 . 3) is indeed obeyed: X(t) 2 = exp[−2t/τ ] (This is no surprise as the Langevin dynamics just defined is governed by a generalized Gaussian process). The second cartoon scenario is that X(t) decays not by a series of small shuffles but by rare, large rearrangements. Any such rearrangement that changes the density fluctuation at either r or r without also changing it at the other of these positions will lead to a big change in X. The simplest case is where such events are random in time, occur at a rate 1/τ , and lead to complete decorrelation (i.e., the post-event X is drawn at random from the equilibrium probability distribution of this quantity). For such a choice of dynamics, one again has X(t) = exp[−t/τ ]: this is just the probability that no rearrangement has occurred up to time t. Now, however, since prior to this rearrangement X 2 (Δt) = X(0) 2 = X(0) = 1, the decay of X 2 and of X are identical. Thus X 2 (Δt) = X(Δt) , without the square, in strong defiance of Eq. (4 . 3) .
By these arguments, we reach the view that (at least in systems where the equal time correlators are Gaussian as per Eq. (2 . 6)) the MCT decoupling should be good for systems that relax by small shuffles, but bad for those that relax their densities by rare, large rearrangements. Notably the first of these cases does not rule out either dynamic heterogeneity or the divergence of a dynamic length scale at the glass transition 19) (It may however be difficult to reconcile with the measured non-Gaussian statistics for other quantities than the density, such as particle displacements). Another notable conclusion of Ref.
2) is that rounding off of the divergent relaxation time at the MCT glass transition is only possible if Eq. (2 . 4) is broken. In other words, any theory that makes use of this MCT assumption, but then goes on to predict a rounding of the MCT transition (by whatever mechanism) is internally inconsistent. Clearly, to improve on MCT one has modify Eq. (2 . 4) by changing the MCT approximation at the outset, not by making additional assumptions that are incompatible with it. §5. Closing remarks
The issue of the static yield stress is potentially of interest to a wide range of scientists working on elastoplasticity in solids. In that context, phenomenological models to describe the static yield manifold have been in existence for a century or more; one of these, the von Mises criterion, 20) asserts that in the representation described above, the yield curve is circular. We are unaware of first principles derivations of this result, and while our schematic model does not directly offer a first-principles approach, it is at least inspired by one. Therefore it will be very interesting to see what the static yield manifold (as opposed to the dynamic one caclculated in Ref. 10)) actually looks like.
